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ABSTRACT 
Extensive work has been carried out in recent years to ensure that ice-capable 
ships are both safe and economical. The present analysis provides a methodology which 
can be employed by the designer to calculate the optimum bow plating thickness for 
operation in icc. To this end, a local ice load model is re-evaluated using a probabilistic 
analysis of full scale data, probabilities of failure for plating are calculated and plate 
thickness is optimised. 
Full scale data for the MY Canmar Kigoriak and USCGC Polar Sea were ranked; 
curves were fitted through the tail of each data set; and Type-! extreme probability. 
distributions were derived for the three panel sizes. The Canmar Kigoriak data were then 
subdivided based on contact area and a simulation was performed to derive the load 
distributions on subregions of the instrumented panel. Finally, a local ice load model 
which accounts for annual number of ifT!pacts and exposure was confirmed. 
To evaluate the strength of bow plating, three limit states (three-hinge collapse, 
permanent set and membrane collapse) were selected. Statistical distributions for each 
of the input parameters were established. The probability of failure was calculated, for 
each limit state using a range of plate thicknesses, frame spacings and annual numbers 
of impacts, using First Order Reliability Method software. The probability of fnilure was 
approximated as a plane for each limit state and frame spacing. 
Plate thickness was optimised for minimum cost. Minimum safety levels for 
permanent set and membrane collapse were also specified. The objective function 
111 
considered costs due to construction, aesthetics, repair and replacement. Cost due to lost 
use of the ship and increased weight can also be specified. These costs were considered 
to be specific to the vessel under consideration and hence. were considered outside the 
scope of the present analysis. Optimum plate thicknesses are. presented and compared 
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1 INTRODUCTION 
1.1 COMPONENTS OF SHIP STRUCTURE AND ASSOCIATED LoADS 
The complex nature of the structure of a ship and the associated response to 
applied loads make it desirable to divide the structure into three components. These are 
primary, secondary and tertiary (Paulling, 1988). The primary, or global, strength 
classification is concerned with the hull girder. For this classification, the hull is treated 
as a free-free beam. Loads affecting the hull girder are generally global impact loads. 
An example is the maximum bvw force resulting from ice ramming, FmaX' calculated for· 
a ship when applying Proposals for the Revision of the Arctic Shipping Polllllion 
Prevention Regulations (ASPPR Proposals; Melville Shipping Ltd., 1989). 
The secondary, or semi-local, strength classification is concerned with the strength 
of a ship panel, generally taken between two bulkheads or deep web frames. This is a 
more localised load in which one considers a cross-stiffened plate. The designer is now 
concerned with the area of contact between the ice feature and the bow of the ship in the 
impact just mentioned. 
The tertiary, or local, strength classification is concerned with the strength of the 
plating between two frames. This region of the ship is subjected to more localised loads, 
especially to critical zones that result from the ice failure mechanism (Jordaan et al ., 
1991 ). This is the region of interest for the present analysis. 
1.2 OVERVIEW 
One of the most serious obstacles facing ships operating in arctic and subarcti~ 
waters is ice. Damage may result from an arctic class vessel striking multiyear ice or ice 
island fragments or from a subarctic vessel striking an undetect~rl growler or bergy bit. 
As was learned from the review and verification of the ASPPR Proposals (Carter et al., 
1992), all Canadian Arctic Class (CAC) vessels can operate in areas where multiyear icc 
is present. Recent damages to vessels operating in the Canadian Arctic have been 
summarised by Keinonen et al. (1991). A similar report was prepared by Kujala (1991) 
for ships operating in the Baltic Sea. The potential threat of a ship hitting multiyc•u ice 
is a primary consideration behind safe d~sign of arctic capable ships. 
For subarctic vessels, it is estimated that 10,000 to 30,000 icebergs are calved from 
the Greenland ice cap each year with several hundred reaching the drilling sites on 
Canada's ea.~t coast (Grandy. 1991 ). The International Ice Patrol report that thirty-seven 
vessels between 1856 and 1973 experienced major ice damage (Scarborough, 1974). A 
well-known example is the RMS Titanic disaster of 1912 in which 1513 Jives were lost. 
Therefore, one should ensure that a vessel operating in this region is designed for safe, 
economical operation. 
As one might assume, not all vessels will ha.ve the same probability of striking an 
extreme ice feature or will experience the same number of impacts per year. An ice 
management vessel will g~nerally experience more encounters with multiyear ice than will 
a transiting vessel. Similarly, an arctic vessel will be more likely to impact icc than will 
2 
a subarctic vessel. Hence, the design load is calculated as a function of the operating 
profile of the ship and the expected number of impacts for each type of ship will be 
estimated based on available information. 
Optimisation of hull structures is sometimes limited by using design codes. Rules 
tend to be succinct and explanation of their basis is often lacking. Without this 
background, it may be difficult to appreciate the mechanisms that make the design safe, 
resulting in a design that may not be optimal. In addition, rules are generally based, at 
least partially, on a database of information that has been collected over the years and 
updated based on incidents of damage. This may result in the following complications. 
1. Ship designs which fall outside the confines of the database may not be as 
safe as one would expect. 
2. Databases of ice-capable ships are still small and are not as dependabJe as 
those available for typical sea-going ships. 
3. Areas that are over-designed may not be improved upon (i.e., changes 
genenilly occur only after a failure). 
Thus, a rationally-based design, using state-of-the-art structural theory, is expected to be 
more safe and efficient. A rationally-based structural design is considered to be: 
A design that is directly and entirely based on structural theory, analysis 
and optimisation, and achieves an optimum structure based on a designer-
selected measure of merit (Hughes, 1988). 
The objective of the present research is to provide background to the ASPPR 
Proposals (Melville Shipping Ltd., 1989). This includes revisiting and verifying the ice 
load model proposed by Jordaan et al. (1993; see also Maes and Hermans, 1991) for ships 
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operating in arctic and subarctic waters and to use these loads to optimize the hull plating 
using plastic design methods. 
1.3 METHODOLOGY AND SCOPE 
The methodology used to complete this analysis includes the following. 
1. Completion of a probabilistic analysis of the ship-ice interaction using 
available full scale data. 
2. Incorporation of the results of the probabiJistic analysis into an algorithm 
to calculate the design pressure, load (L), for a given set of criteria. 
3. Plating, resistance (R), is designed to meet an acceptable minimum 
probability of failure, <I> = Pr[L - R < 0). <I> must account for the 
variability of the load and resistance curves. 
4. Optimisation of the structure for minimum cost. 
The costs resulting from this analysis must be further evaluated considering the mission 
profile for the ship. 
The final methodology is deterministic but is based on probabilistic methods. The 
use of a deterministic design format is seen as reasonable because it means that two 
similar vessels will have similar strength, i.e., "the master will be dealing with a known 
entity" (Carter et al., 1992). 
Under item 1. above, the data for each vessel were separated into bins as a 
ft~ction of contact area. The data for each area were sorted and analyzed using 
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probabilistic methods. This results in a formula that allows the designer to calculate the 
expected maximum pressure. Also, the probability of a small load being spread over a 
larger area, as a function of location, was considered. 
Under item 2. above, the algorithm proposed by Jordaan et al. (1993) is re-
evaluated and verified. The designer calculates the design pressure as a function of 
loaded area and expected annual number of impacts (rams). The present research is 
concerned only with the analysis of local ice pressure. 
Under item 3. above, the safety of a given design is calculated using First Order 
Reliability Method (FORM) software (Gollwitzer et al., 1988). The resistance of the 
structure is evaluated for three limit states: 
a. three-hinge collapse; 
b. permanent set; and 
c. membume collapse. 
The FORM algorithm calculates the probability of failure for a given limit state and 
loading condition accounting for the uncertainty in the equation parameters. Frame 
spacing and span are included to define the size of the plate panel. 
Under item 4. above, a minimum cost objective function is considered. The initial 
cost of construction and annual costs for aesthetics, repairs and replacement are 
considered. The annual costs are evaluated as a present value assuming a 20-year vessel 
life, 7% rate of inflation and I 0% rate of investment. Supporting frames, designed to 
meet ASPPR Proposals (Melville Shipping Ltd., 1988), are only considered for initial cost 
purposes and are not evaluated during damage analysis. 
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2 PREVIOUS EXPERIENCE RELEVANT TO ARCTIC 
SHIPPING 
2.1 FuLL SCALE DATA 
As part of its operations in the Beaufort Sea, the MV Canmar Kigoriak performed 
a series of full scale trials in August and October 1981 (Dome Petroleum Ltd., 1982). 
The authors instrumented two regions of the port shoulder of the Can mar Kigoriak with 
strain gauges and proceeded to ram the vessel into thick first-year icc floes (August) and 
multiyear ice floes (October) in order to determine the magnitude of ice loads experienced 
by the bow. The two regions, designated A 1 and A2, are 1.25 m2 and 6.0 m2 respectively 
with A 1 forward of A2. These two areas were in turn subdivided into subpanels 
determined by the location of the strain gauges. The loads were calculated by summing 
the shear differences between the gauges. These measurements also allowed the authors 
to estimate the area over which the load was applied. The maximum force and the area 
on which it was measured are presented in the report noted above. 
Full scale trials were also performed aboard the USCGC Polar Sea between 1982 
and 1984 (Daley et al., 1986). This vessel was instrumented with strain gauges on the 
port bow. The instrumented area measured 9.1 m2 and was subdivided into 60 subpanels 
of 0.15 m2. An assumption made by the authors was that the maximum pressure on an 
area composed of more than one subpanel occurred at :he same time as the maximum 
pressure on a single subpanel. The maximum pressure-area curve, for each ram, was built 
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by adding the next highest contiguous subpanel pressure. This assumption is seen as 
reasonable for small areas (say < 5 subpanels} but is assumed to give lower than 
maximum pressures for larger areas; see Chapter 3 for further discussion. Hence, the 
Polar Sea data cannot be directly compared with that of the Canmar Kigoriak for large 
areas. The Polar Sea data presented is comparable with the Canmar Kigoriak for small 
areas. 
2.2 ANALYSIS OF LoCAL PRESSURE 
Before trying to establish a model, one must have some understanding of the 
phenomena being modeled. Glen and Blount (1984) reported on the nature of localised 
ice loads. The results of fu11 scale tests performed using the CCGS Louis S. St. Laurent 
characterize locaJised pressure as a dynamic area of high pressure. These areas of high 
pressure were later termed critical zones (Jordaan et al .• 1991). This area ofhigh pressure 
is small and does not conform to any particular pattern. The peak pressure measured on 
the 8 mm transducers was 53 MPa although the mean peak pressure averaged 27 MPa. 
These results are consistent with more recent studies (Xiao and Jordaan, 1991; Frederking 
et al., 1990; for example). 
Det norske Veritas Canada (Nessim et al., 1984) was commissioned by the 
Government of Canada to perform a c;tate-of-the·art review of available methods for 
computing global and local loads produced by ice-structure interaction. The results of this 
review were that "available models were not yet fully satisfactory" and that engineering 
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solutions made use of empirical results and theoretical idealisations, both of which are 
conservative. The authors further recommended that probabilistic methods should be 
explored if consistent risk levels are to be applied to structures subjected to ice loads, that 
uncertainty should be incorporated into these models and that full scale data should be 
obtained in order to calibrate a proposed model. Since this time, much work h!i.S been 
done to improve ice load models. 
An early example of a statistical analysis of local ice loads was that of the full 
scale trials of the Polar Sea, presented by Daley et al. ( 1984). Work by Daley and his 
coworkers eventually led to the formulation of the Arctic Shipping /'nJbahilily Evaluation 
Network (ASPEN). ASPEN is a computer program designed to evaluate the risk to a ship 
operating in the Canadian Arctic and is summarised by Daley at al. ( 1991 ). This was an 
ambitious program designed to provide a quantitative evaluation of the ASPPR Proposals 
for which the authors should be commended. The ASPEN software would evaluate the 
mission profile of a vessel, derive the maximum impact load which could be expected by 
the vessel over its lifetime and produce a design which would resist this load to a 
specified reliability. It was stated in discussion with the ASPPR Subcommittee that 
ASPEN specified structural dimensions in excess of what was considered sufficient based 
on experience (Frederking et al., 1991 ). This could perhaps be improved upon by 
replacing the design equations used with limit state equations. It is the present reviewer's 
opinion that the program should be subdivided into stand-alone single-task modules thus 
allowing the system to be improved with greater ease. 
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The use of short data extremal techniques is discussed by Maes and Jordaan 
(1986). This type of evaluation is fostered by the need to develop a design load for a 
structure of which the lifespan is significantly longer than the period over which data has 
been collected. The method advocated uses rates of occurrence which are exchangeable 
random quantities as opposed to independent, identically distributed ones. This implies 
that the order of impacts and non-impacts is unimportant. Next, the authors considered 
the uncertainty regarding the conditional arrival rate. This allows one to a~count for 
scatter in the data, errors in the "best fit" line and allows one to deal with the fact that 
few data points in the extremal zone exist. This method allows for improved extremal 
values when insufficient data is available. This topic is further discussed by Jordaan 
(1987) to include an allowance for avoidance. Avoidance of a potential encounter by a 
mobile structure (i.e., a ship) involves manoeuvring around the floe. In the case of a 
fixed structure (i.e., a gravity based structure), ice management techniques are employed. 
A detailed statistical analysis of the local pressures measured on board the Polar 
Sea, MV Arctic and Canmar Kigoriak was performed by Maes and Hermans (1991). The 
authors considered methods for combining and analyzing the data and investigated the 
assumptions regarding the distribution of the extreme values, sample size and 
independence of the data. The uncertainty of predictions is analyzed and the validity of 
using the test data to predict lifetime risk is examined. It was found that both the Polar 
Sea and Canmar Kigoriak data sets can be used for extreme analysis. It was also 
determined that good agreement between the two data sets existed, especially for small 
areas. The probability distributions were derived using the tail-weighted Gumbel least-
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squares method for different area classes. Exposure was taken into account. A detailed 
analysis is performed accounting for both model and statistical uncertainty. Lastly, the 
annual extreme value distribution and expressions for the T-year return period arc derived. 
An analysis of local ice pressure using probabilistic techniques was performed by 
Jordaan et al. (1993). This evaluation produced an algorithm which would allow the 
designer to calculate a design bow pressure corresponding to the mission profile of the 
ship and to the area being considered for areas up to 6 m2• This methodology was based 
on local pressure data from the Polar Sea and Canmar Kigoriak and involved 
extrapolation techniques using extremal statistics. There is good agreement between the 
Maes and Hermans (1991) analysis and the fitted curve. 
V arsta ( 1984) developed a semi-empirical method to derive ice loads based on data 
collected aboard the IB Sisu. The methodology employed first required measurement of 
the design ice pressure, normal to the ship's hull. Next, the maximum expected ice 
pressure was calculated using the measured daily maxima measured during winter, 1979, 
taken to the extreme for the lifetime of the ship (i.e., the 25-year load). The author next 
derived the average pressure as a function of shell strength rigidity~ an allowance was 
made for the decrease in design pressure with load length. Last, the design force was 
calculated as a function of load height and load length. Two problems the reviewer sees 
with this analysis are first, the choice of the lifetime of the ship as opposed to a more 
conservative (say the 1 00-year) load. Second, the formulation is derived to account for 
the shape of the bow. This is reasonable if the original data has been converted to an 
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axis which is not normal or if the formulation accounts for the shape of the test bow (i.e., 
the reviewer would assume that the data recorded during trials is normal to the hull). 
An approach to maintain the safety of existing ice-capable ships was discussed by 
Kehler and Jergensen ( 1985). The authors combined non-linear finite element analysis, 
the structural particulars of the vessel, the mass of the design ice floe and the crushing 
strength of ice, to determine the safe operating speed of the ship when operating in ice. 
The authors reported that the results of the analysis compare favourably with the damage 
history of the vessel in question. The authors further advocated that a safe design can be 
developed for a given speed. Expected problems with this method might include the time 
and expense required to setup a model of each vessel to be considered, ensuring that the 
critical mode of failure is considered, and estimating the parameters of the design ice 
feature. Experience with ships operating in ice (Daley et "\.1., 1986; St. John et. al, 1984; 
Dome Petroleum Ltd., 1982; German and Sukselainen, 1984; for example) also shows that 
above a speed of about 4 knots, there is little evidence for dependence of either local 
pressure or global force on velocity. 
Masterson and Frederking ( 1992) examined local contact pressures developed 
during an interaction between a ship structure and ice. The authors used data collected 
from the following sources. 
1. Ship trials on board the Arctic, Canmar Kigoriak and the Polar Sea. 
2. Indentor tests from Hobson's Choice Ice Island, Pond Inlet and flat jack 
tests. 
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3. Measurements made in the Beaufort Sea on the Moliqpak structure and in 
the North Atlantic on Hans Island. 
By combining this data the authors were able to compare the effect of contact area on 
pressure for the range of 0.1 m2 - I 00 m2. It was found by the authors that despite the 
range of conditions from which the data came, the overall picture was coherent and 
showed decreasing pressure with increasing area up to approximately 20 m2 after which 
the curve levelled off. The present reviewer feels that this is a good comparison of the 
data. Subdividing the data into subsets of related type would be a useful extension. The 
present work suggests that a probabilistic analysis is also a useful extension. 
2.3 ANALYSIS OF PLATING 
Clarkson ( 1956) presented an approach aimed at designing rigidly clamped plates 
to withstand lateral pressure. This paper was one of the first to develop a methodology 
incorporating elastoplastic design of plates for use in ship design. The approach presented 
began with the acknowledgement that very few plates on a ship are actually flat. For 
plates deflected beyond 70% of thickness, plate strength primarily resulted from 
membrane stresses as opposed to bending stresses. l'his allowed dished plates to provide 
greater resistance than flat plates. Clarkson also noted that once a plate was plastically 
loaded, it would act elastically up to where it was last loaded. The author discussed the 
theory behind elastoplastic analysis of flat plates; two approximate methods, the comer 
yield method and the method of plastic hinges, were considered. Numerical examples 
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were completed to examine the accuracy of the comer yield and plastic hinge methods. 
Finally, design curves were presented and verified. The author did not consider any 
deformation beyond the centre hinge formation. 
The study of steel plates loaded beyond the elastic limit was extended by Young 
(1959). The primary aim of this paper was to develop a design method for ship plating 
based on plastic analysis of plate bending. Membrane forces and plastic deformation in 
the centre region of the plate were accounted for, hence advancing the work by Clarkson 
(1956). The analysis was limited to long plates, aspect ratio~ 3:1, subjected to normal 
loading. This analysis resulted in the derivation of formulae to be used in the design of 
steel plates. One reviewer, Dr. J.B. Caldwell, did note that unlike the work of Clarkson. 
Young's work lacked a clearly defined unserviceability criterion. 
Experimental results were presented by Hooke and Rawlings (1969) for clamped, 
rectangular plates subjected to uniform transverse pressure. Nineteen tests were 
performed accounting for width to thickness relationships from 50-160 and aspect ratios 
(width /length) of I,%, Yl and%. All tests were conducted into the plastic region. It was 
found that experimental results exceeded theoretical predictions for every case. Some of 
this deviation was attributed to slightly less than perfect clamping. Reasonable agreement 
between experimental results with aspect ratio = 1/s, and Clarkson's approach was noted. 
It can be stated that these experiments lend support to the theories which preceded them. 
More recently, work in this area has been presented by Hughes (1981 and 1983). 
Hughes ( 1981) presented an explicit formula for the design of welded plates subjected to 
uniform pressure. This analysis was based on an acceptable level of permanent set to be 
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specified by the designer. For convenience, design curves were also provided. This work 
was later expanded to include concentrated 1-..~ads (Hughes, 1983). Two types of 
concentrated loads, multiple location and single location, were considered. It was found 
that multiple location loads could be treated as uniform loads. For single location loads, 
a mathematical relationship was developed; in addition, design curves were presented. 
Analyses of full scale collision damage (Minorsky, 1959 and McDermott et al., 
1974) has also been presented. The work by Minorsky was involved with collisions 
between two ships. While this type of collision lies outside the present analysis, it did 
lend support to the large amount of reserve strength built into a vessel. McDermott et al. 
also supported the use of plastic analysis to estimate the loads that resulted from tanker 
collisions. In their analysis, the authors made use of the effective strength, the mean of 
yield strength and ultimate strength, of the steel. Use of the effective strength is 
supported by Egge and i.lOckenhauer (1991) and Nessim et al. (1992). 
2.4 SAFE DESIGN OF STRUCfURE 
Kulak et aJ. (1990) define structural design as a balance between creative art and 
reasonably exact science. To this end. the structural designer must aim to: 
1. provide a safe, reliable structure to perform its intended function; and 
2. ensure that the structure is economical to build and maintain. 
To ensure a safe, reliable structure, the designer checks that the performance of a structure 
is sufficient to resist the various limiting conditions at appropriate loads. 
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Two classes of limit states generally considered in steel construction are ultimate 
limit states and serviceability limit states (Kulak et aJ., 1990). Ultimate limit states are 
concerned with safety, i.e., load exceeding capacity, foundering, loss of stability, and 
excessive pollution. Serviceability limit states are concerned with unsatisfactory 
behaviour of the structure under normal operating conditions, for example, excessive 
permanent deformation and loss of structural support. The Canadian Standards 
A ssoc:iaJion (CSA) code S.471 for fixed offshore structures (Jordaan and Maes, 1991) 
suggest safety levels of 1 o-s against Class 1 or ultimate failures and 1 o·3 against Class 2 
or serviceability types of failure. In addition to damage caused by a single extreme load, 
the designer must also account for progressive damage caused by repeated loads (Moan 
and Amdahl, 1989). It is noted that progressive damage analysis lies outside the scope 
of the present analysis. 
Mansour ( 1972) presented a probabilistic design model for the longitudinal 
strength of a ship. This method acknowledged the random nature of the variables 
involved with modelling the physical problem. This is believed to make the model more 
realistic. An acceptable risk based on economic criteria was selected for the analysis. 
The generalised cost function suggested is: 
(2.1) 
where cg is the generalised cost; ci is the initial cost of construction plus maintenance 
costs less the value of the ship when no longer in use; <I> is the probability of failure; and 
Cr is the total cost of construction or repair, revenue loss due to interruption of operation 
and other expenses derived from the failure. The probability of failure, <I>, is derived by 
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minimising Cg. One difficulty expressed by the author was obtaining an accurate value 
for Cr. especially when human lives are involved. 
Considerable work has been completed with regard to evaluating the reliability of 
a structure (Galambos and Ravindra. 1978; Mansour et al., 1984~ White and Ayyub, 1985; 
Ayyub and White, 1987; White and Ayyub, 1987; for example). White and Ayyub ( 1985) 
stated that new materials and improved fabrication techniques have made standard design 
techniques obsolete. This was supported by Mansour et al. (1984) who stated that ABS 
ships became less safe with increased size, however, they also concluded that methods 
used for offshore structures were not appropriate. Analysis of steel buildings (Galambos 
and Ravindra. 1978) and of ships (Mansour et al.. 1984) made use of the load and 
resistance factor design (LRFD) method. The LRFD method did require calibration. 
Several methods of calibration were evaluated. The first-order second-moment (FOSM) 
method was found to be a useful method of calibration only when aJI variables were 
normally distributed (White and Ayyub, 1985). The mean-value first-order second-
moment (MVFOSM) method, the advanced first-order second-moment (ASM) were found 
to overestimate the safety of the ship (Mansour et al., 1984 ). The exact Level-III method 
was found to give accurate results but was limited in scope, i.e., any changes in the 
distribution required major changes to the routine (White and Ayyub, 1985). Reliability-
conditioned (RC) partial safety factors, proposed by Ayyub and White ( 1987) and 
extended to marine structures by White and Ayyub ( 1987), were thought to be the most 
efficient method of calibrating safety factors because they gave accurate results and could 
be easily applied to general types of problems. The LRFD method falls outside the scope 
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of the present analysis because calibration requires that the safety of existing vessels is 
known. 
A method for assessing the life of a ship's structure is discussed by Ayyub et al. 
( 1989). The authors first discuss potential failure modes grouping them as catastrophic, 
serviceability ending, serviceability limiting, non-limiting or nuisance. For illustration 
purposes, the authors chose ductile yielding of an individual plate panel and fatigue 
cracking of structural details, however, caution that in the case of a real analysis, all 
modes of failure and failure combinations must be explored. The authofs next defined 
the end of structural life as an economic factor. Those defined for illustrative purposes 
are as follows. 
I. The need to replace more than five panels in a specified area during one 
inspection period. 
2. One fatigue failure of a critical detail at the end of an inspection period. 
The authors assessed the structural strength of the vessel with regard to plate deformation 
and fatigue. It was f01md that for two year inspection intervals that there was a 28% 
chance that a vessel would sustain enough damage to constitute the end of stroctuml life 
as defined after 15 years. It was further found that after 15 years, that there was only a 
2% chance of a vessel reaching the end of stn1ctuml life as a result of fatigue failure. A 
comparative assessment of patrol boat bottom plating is presented by Ayyub et al. (1990) 
using the two failure mode (deemed most likely) specified above. A number of 
improvements are recommended. 
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3 ANALYSIS OF LOCAL PRESSURE 
3.1 OVERVIEW 
Two very good sources of full scale data are available for performing an analysis 
of local ice loads. These are reports on the 1981 deployments of the Canmar Kigoriak 
(Dome Petroleum Ltd., 1982) and the 1983 deployment of the Polar Sea (Daley et al., 
1986). In both cases, the bow of the ship was instrumented with strain gauges and 
measurements were made for repeated rams. 
The data collectt:d on board the Canmar Kigoriak were obtained during the August 
and October, 1981, deployments of the vessel in the Canadian Beaufort Sea. August rams 
were conducted primarily in heavy first year and second year ice while October rams were 
conducted in multiyear ice. In all, 397 rams were conducted. Measurements were made 
on tw~ instrumented panels designated Al (1.25 m2) and A2 (6.0 m2) located on the port 
shoulder of the ship. Both of these panels were subdivided into smaller areas termed 
subpanels. Force measurements and contact areas were estimated by summing shear 
differences between strain gauges. In the case of A I, the panel was divided into six equal 
subpanels of 0.208 m2. In the case of A2, the panel was divided into three subpanels of 
0.667 m2 and twelve subpanels of 0.333 m2. Schematic drawings of these areas are 
presented in Figure 3.1. The test data are found in Appendix A of Dome Petroleum Ltd. 
(1982). These data include the maximum force recorded during the ram and the area over 
which it was measured. 
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Figure 3.l(a): Schematic Diagram of the 1.25 m2 Instrumented Panel (AI). 
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Figure 3.1 (b): Schematic Diagram of the 6.0 m2 Instrumented Pane) (A2). 
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Pressure measurements were performed on board the Polar Sea during an April, 
1983 deployment of the vessel in the North Chukchi Sea. This data set consists of 513 
impacts with heavy first year and multiyear ice features. The data were measured on an 
instrumented area of 9.1 m2. This area was subdivided into 60 subpanels of 0.152 m2. 
For each impact, the highest force measured on a single subpanel was recorded. These 
data are provided in Appendix A of Daley et al. ( 1986). The peak pressure on larger 
areas (see Figure 6, Daley et al., 1984) was calculated by averaging the peak force just 
mentioned with the next highest force on an adjacent subpanel at the same point in time, 
and so on. Discussion of the method employed and further analysis of the data is found 
in Section 3.5. 
3.2 GENERAL ANALYSIS OF ICE LoADS 
Using the ice load data just mentioned for the Canmar Kigoriak and Polar Sea, the 
fixed area ice pressure was calculated as follows. The force data for each data set (i.e., 
A 1 and A2 for the Canmar Kigoriak and the 1 subpanel data for the Polar Sea) were 
entered into a spreadsheet, sorted in ascending order and ranked from I to ni. The fixed 
area pressure was calculated for each measurement by dividing the force by the reference 
area (for example, A I = 1.25 m2) . The probability on non-exceedance, Pno• wJS calculated 
for each point according to: 
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i P. = Fx(X) = --
n1 + 1 
(3.1) 
where Fx(x) is the cumulative density function, i is the rank of the data point and ni is 
the number of data points in the set. It is noted that only impacts which produced a load 
on the instrumented panel (called hits) are considered. Ship rams which produced no load 
on the panel (i.e., misses) are accounted for in the exposure model. The Weibull plotting 
position (Equation (3.1)) is used for convenience. More elaborate plotting positions, 
which reduce bias, can be selected (Arnell et al., 1986). This does not affect the result 
significantly for large samples. 
These data were plotted with respect to exceedance probability, Pe = 1 - Pne• (see 
Figure 3.2). It can be seen in Figures 3.2(a-c) that these plots are generally exponential 
in the tail (i.e., the larger values produce a straight line when plotted on semi-log paper). 
The one exception to this, Figure 3.2(b), which presents a levelling off trend in the tail. 
This is the result of an anomaly within a particular subset of the data and is discussed in 
Section 3.3 (see also, Maes and Hermans, 1991). A curve of the form: 
-log(pJ = m,r + y1 (3.2) 
where "'i is the slope, x is the pressure and Yj is they-intercept is fitted to the tail using 
least-squares regression. For each data set presented in Figure 3.2, the coefficients of 
form are given in Table 3.1. These curves are discussed further in Section 3. 7. 
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Table 3.1 - Coefficients of Best-Fit Curves for Fixed-Areas 
Data Set 
Polar Sea - 1 Subpanel 
Can mar Kigoriak - A 1 
Canmar Kigoriak - A2 
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Figure 3.2 (a): Empirical Analysis of Local Pressure for the Polar Sea. 
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Figure 3.2 (c): Empirical Analysis of Local Pressure for the Canmar Kigoriak 
(A2 = 6.0 m2). 
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3.3 ANALYSIS or CANMAR K1GORIAK SMALL PANEL DATA 
As mentioned earlier, the Canmar Kigoriak data presented the maximum force 
recorded during an impact and the area it was measured on. As a result, the data can be 
analyzed statistically using extreme statistics (Gumbel, 1958) in order to develop a 
pressure-area relationship for each of the subareas within the instrumented panel. The 
analysis used is based on the methodology presented by Maes and Hermans ( 1991 ). 
3.3.1 Analysis of Measured Data 
Using the data collected on A I during the 1981 deployments, the following 
analysis was performed. The data were entered into a spreadsheet. Only hits were 
considered. The data are then grouped according to the area (number of subpanels) the 
force was measured on and transferred into separate spreadsheet pages. This grouping is 
referred to as the moving or loaded area class, k. A histogram of moving areas is 
presented in Figure 3.3. 
The data are ranked (based on force) in ascending order and the probability of 
non-exceedance, Pne• for each point is calculated. Again, straight lines are fitted to the 
tail of each curve (see Figure 3.4). It is noted that more weight is given to higher values 
in each set than to lower ones because it is these values which drive the extreme. These 
curves required some adjusting to achieve reasonable correlation between the slopes of 
the simulated curve for six subpanels and the original data curve fitted in Section 3.2. 
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While it is admitted that the data does not fit an exponential distribution. the tails of most 
distributions are exponential. This is considered appropriate for this analysis because the 
extremal load depends strongly on the tail of the parent distribution (Jordaan. 1985). 
These curves will be used to predict the design loads on e3ch of the subpanels. The 
slope, mk, and intercept, Yk• for each area class are presented in Table 3.2. It is noted that 
values calculated for low exposure conditions (i.e., a vessel operating in subarctic waters) 
should be checked against the original data to ensure their validity (i.e., that the values 
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Figure 3.3: Histogram for 179 Rams of the Canmar Kigoriak During 1981 August and 
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Figure 3.4(c): Distribution of Force on a 3 Subpanel Moving Area for the Canmar 
Kigoriak. 
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Figure 3 .4(t): Distribution of Force on a 6 Subpanel Moving Area for the Canmar 
Kigoriak. 
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Table 3.2: Coefficients of Best-Fit Curves for Moving Areas, A 1 = 1.25 m2 
II 
Area Class, k mk (MN"1) Yk 
1 1.600 -0.597 
2 0.771 -0.429 
3 0.356 -0.356 
4 0.358 -0.298 
5 0.332 -0.672 
6 0.243 -0.289 
It is noted for the 5 subpanel case (see Figuie 3.4(e)) that the data is not linear in 
the extreme which implies a levelling off. There is no implication of such an effect in 
any of the other data. Furthermore, loads of up to 70 MPa have been measured during 
indenter tests (Fr(derking et al., 1990). Upon further study of Figure 3.4(e), another 
levelling off effect is found in the range of 3 MN and 4 MN. This is attributed to the 
difference in forces measured when 1 critical zone (Jordaan et al., 1991) is present as 
compared with 2 critical zones. As a result, it is assumed that if more impacts were 
performed. then impacts which produce 3 critical zones would be present resulting in 
increased loads. Hence, this anomalous behaviour is not considered further. 
3.3.2 Coverage Analysis 
As discussed above, the curves derived in the previous section are for loaded areas 
or moving areas and are a function of the impact between the ship and ice. The present 
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analysis is concerned with a fixed design area, i.e., to develop curves similar to those 
discussed in Section 3.2 for each of subarea. As a result, the probability of coverage must 
be considered. 
We will consider the 2 x 3 design panel, presented in Figure 3. l{a). which was 
employed during the Canmar Kigoriak trials (Dome Petroleum Ltd., 1982). First we 
require the probability of coverage, p,., for all combinations of fixed, j , and moving, k, 
panels sizes p,.lj,k). Coverage, c, is defined as the overlap between the moving and fixed 
design areas (See Appendix A of Maes and Hermans (1991) for a full discussion). 
Possible fixed load and moving load patterns are found in Appendix I (a). Similar 
assumptions to those used by Maes and Hermans (1991) were employed. These are as 
follows. 
1. As a result of the instrumentation system employed during the trials, only 
integral numbers of subpanels are considered. 
2. When selecting coverage possibilities, only contiguous combinations of 
subpanels are considered. 
3. Since a given coverage may result from many combinations of fixed and 
moving areas, it is assumed that the load on the overlapping area is the 
same as that measured on the entire moving area. 
4. It is assumed that all loading and design area patterns are equally likely. 
5. All interactions are equally likely. 
6. Combinations which require loading outside the instrumented panel are not 
considered. 
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The results of this analysis are found in Table 3.3. It should be noted that not all 
columns for a given PcU,k) add up to one because PcU,k) for c = 0 is not considered. 
Table 3.3 - Probability of Coverage for Given} and k, Pc(j,k) 
j c k 
I 2 3 4 5 6 
I I 1/6 1/3 1/2 2/3 516 I 
2 1 1/3 20/49 17135 16/35 1/3 0 
2 0 1/7 2/7 I6/35 2/3 1 
3 I I/2 17/35 9/25 9/50 0 0 
2 0 2/7 12/25 I4/25 I/2 0 
3 0 0 1/10 I3/50 I/2 1 
4 1 2/3 16/35 9/50 0 0 0 
2 0 16/35 14/25 I9/50 0 0 
3 0 0 13/50 13/25 2/3 0 
4 0 0 0 1/10 1/3 I 
5 I 5/6 1/3 0 0 0 0 
2 0 2/3 1/2 0 0 0 
3 0 0 112 2/3 0 0 
4 0 0 0 1/3 5/6 0 
5 0 0 0 0 1/6 1 
6 1 1 0 0 0 0 0 
2 0 1 0 0 0 0 
3 0 0 1 0 0 0 
4 0 0 0 1 0 0 
5 0 0 0 0 1 0 
6 0 0 0 0 0 1 
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3.3.3 Monte Carlo Simulation 
Maes and Hermans ( 1991) developed the following closed form solution to 
calculate the design force distribution from the moving force distribution. and coverage 
probabilities: 
J 
1 - FXJ(x) = :E 
c • 1 
.. , - J • c 
.'Y;, P,U,k) Pr[K = k] [1 -Fn(~ x)] (J.J) 
where ni is the total number of subpanels (i.e., 6 and 18 for A 1 and A2 respectively), 
Pr[K = k] is the probability that a random quantity of moving panels, K, is equal to a 
specified number, k. Fxj(x) is the CDF for the fixed area curves and Fxk(x) is the CDF 
for the moving area curves. 
As a means of verifying Equation (3.3 ), a Monte Carlo simulation was written and 
employed to develop fixed area load distributions. The program considered each fixed 
design area in sequence. Each iteration (there were 10,000 per fixed area class) consisted 
of: 
1. randomly selecting k using the histogram of area data (see Figure 3.3); 
2. randomly selectingpc:U.k) and then using the CDF for coverage probability 
to obtain c; 
3. randomly selecting Pc; 
4. calculating the moving pressure, Pk, using k and Pc; and 
5. printing Pk, c andj to an output file if Pk ~ 0 and c > 0. 
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The output file was then input into another program which calculated the design area 
pressure, Pi, according to: 
(3.4) 
These data were then sorted in descending order according to Pj and the largest 6500 
points were output to a file. The spreadsheet software allows approximately 8000 rows 
of data per file; 6500 was chosen for manageability. 
These data were plotted against the exceedance probability and the tail was fit 
using least-squares linear regression. The a. values calculated for these curves are plotted 
in Figure 3.5 along with those of Maes and Hermans (1991); see Section 3.7 for 
discussion of a.. As can be seen, there is good correlation between the methods. 
3.3.4 Analysis of Data 
A program was written to perform the calculation specified in Equation {3.3). 
This program uses the coverage information (see Table 3.3), best-fit curve coefficients 
(see Table 3.2) and probability of moving area size (see Figure 3.3) data to perform the 
calculations. 
The results of this analysis are presented in Figure 3.6. It is noted that the curves 
developed are not linear. The results can be presented as linear without great loss of 
accuracy ~Maes and Hermans, 1991). Linear fits to the fixed area results are calculated 
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using least-squares regression are also presented in Figure 3 .6. The coefficients of these 
curves are presented in Table 3.4. 
As can be seen by comparing Tables 3.2 and 3.4, the slopes of the curves (plotted 
on semi-log paper) become smaller. This is an appropriate result as Pj(k = 6) will temper 
the slope of the curves for smaller areas. 
Table 3.4 • Coefficients of Best Fit Curves for Fixed-Areas, A l = 1.25 m2 
Area Class, j mk (MN-t) Yk 
I 1.073 0.446 
2 0.553 0.474 
3 0.406 0.403 
4 0.382 0.037 
5 0.331 -0.039 
6 0.289 -0.093 
3.4 ANALYSIS OF CANMAR KIGORIAK LARGE PANEL llATA 
There are a number of inconsistencies in the collection, interpretation and reporting 
of the A2 data set with respect to the A I data set. These include the following. 
Two subpanel sizes were used to measure data (see Figure 3. I (b }). 
2. The subpanels used to measure the A2 data arc significantly larger than for 
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Figure 3.6: Fixed Area Force Distribution for Canmar Kigoriak, 1.25 m2 Panel. 
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3. A large number of measured loads are not contained on an integral number 
of subpanels (as a result of items 1 and 2). 
4. Many moving area classes have very few data points, if any, as a result of 
the large number of subpanels considered. 
5. A2 is aft of A 1 thus reducing the likelihood of a hit (especially with 
multiyear ice). 
As a result, two additional assumptions were made in formulating the design area model. 
a. The histogram of moving area class frequency was developed using 
standard statistical theory (for example, the 3 subpanel bin included data 
with moving areas of 2.5 to 3.5 subpanels). Hence, the uncertainty 
associated with this model is increased with respect to A I. 
b. When necessary, two or more moving area classes are grouped together to 
produce a reasonable size data base to develop the moving area curves. 
In addition to the two simplifications just mentioned, two further simplifications 
were made. 
1. Only regular panel shapes (for both fixed and movmg panels) are 
considered when developing the coverage model. 
ii. Subpanels I, 8 and 15 (see Figure J.l(b)) cannot be subdivided. 
These simplifications were made to reduce the amount of work required to formulate the 
coverage model. Schematic drawings of the load patterns are found in Appendix l(b). 
The model assumptions, just mentioned, were incorporated with the methodology 
used for AI to develop the PcU,k) table (see Appendix l(b)) for A2, the probability of 
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moving area size (see Figure 3.7) and in developing the best fit curves (see Table 3.5). 
These results. along with the program referred to in Section 3 .3 .4 were used to estimate 
the fixed design force curves for each area class within A2. The coefficients of each of 
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Figure 3. 7: Histogram for 120 Rams of the Can mar Kigoriak During 1981 August and 
October Trials. Contact Area Between Ship and Ice on a 6.0 m2 Area. 
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Table 3.5 - Coefficients of Best-Fit Curves for Moving Areas, A2 = 6.0 m2 
Area Class, k mk (MN-•) Yk 
1,2 0.575 -0.253 
3 0.668 -0.724 
4 0.527 -0.604 
5 0.262 -0.309 
6 0.517 -0.390 
7 0.521 -1.052 
8 0.400 -0.700 
9-10 0.151 -0.333 
11-12 0.185 -0.477 
13-18 0.154 -0.126 
3.5 ANALYSIS OF THE POLAR SEA DATA 
The data set used for the Polar Sea was collected during a winter, 1983, 
deployment of the vessel in the North Chukchi Sea. This data is found in Appendix A 
of Daley et al. (I 986). Ice loads were measured on an instrumented panel measuring 9.2 
m2 in the bow of the ship. This panel was subdivided into sixty subpanels of 0. 152 m2. 
The data set reported by Daley et al. ( 1986) consists of the highest force measured 
on a single subpanel during a ram. For larger areas (see Figure 6, Daley et al .• 1984), 
peak pressure was calculated by taking the maximum force just mentioned and averaging 
it with the next largest contiguous subpanel at the time of the maximum force, and so on. 
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This method tends to give lower values at larger contact areas than the method employed 
by the Canmar Kigoriak. This can be seen in Figure 3.8. As a result, direct comparisons 
between the data for Canmar Kigoriak and Polar Sea is not possible for larger areas as 
the Polar Sea data will give lower than peak pressures. The pressure data measured on 
small areas ( • 0.21 m2) will be analyzed to see if the two data sets can be compared 
directly. 
100 
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Figure 3.8: Comparison of Polar Sea and Canmar Kigoriak Data. Local Pressures on 
Fixed Areas. 
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Table 3.6 - Coefficients of Best-Fit Curve for Fixed-Areas, A2 = 6.0 m2 
Area Class, j nti (MN"I) Y1 
I 0.586 2.261 
2 0.627 1.030 
3 0.481 0.756 
4 0.362 0.714 
5 0.306 0.629 
6 0.269 0.5.5.5 
7 0.241 0.476 
8 0.224 0.434 
9 0.210 0.340 
10 0.201 0.330 
11 0.193 0.271 
12 0.190 0.228 
13 0.187 0.188 
14 0.183 0.158 
15 0.182 0.137 
16 0.179 0.113 
17 0.183 0.122 
18 0.175 0.096 
3.5.1 Comparison of Small Area Data 
The sm~ll area ( • 0.21 m2) pressure data for the Can mar Kigoriak and Polar Sea 
must be analyzed to ensure that the two data sets are directly comparable, i.e., that they 
can be assumed to come from the same parent distribution. Figure 3.9(a) presents the 
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pressure data, measured on an area of approximately 0.21 m2, with respect to exceedance 
probability. Data presented here come from both the AI and A2 data sets. It is noted 
that exceedance probability accounts for exposure (see Section 3.6) resulting from 397 
impacts, 2 readings per ram, and a contact area of0.21 m2 within a 7.25 m2 instrumented 
area. 
Next, it is assumed that all of the pressure data can be used for this analysis. 
Carter et al. (1992) suggest that average pressure experienced by a large area is also 
experienced by a smaller area within it. Figure 3.9(b) presents all the local pressure 
measurements recorded on board the Canmar Kigoriak. Exposure has again been 
considered. The similarity between the two slopes is encouraging. 
0.01 ~---------------------, 
-log(Pe) = 0.282 x + 2.490 
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Figure 3.9(a): Analysis of Canmar Kigoriak Pressure on 0.15 - 0.30 m2 Subpanels. 
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Figure 3.9(b): Pressure Analysis of the Canmar Kigoriak Using Results for A 1 
(= 1.25 m2) for a Single Subpanel. 
Figure 3.10 presents the Polar Sea data for one and two subpanels. There were 
60 subpanels employed during the Polar Sea trials, hence. exceedance probability has been 
adjusted to incorporate this exposure. In addition, a best-fit curve was approximated for 
an area of 0.21 m2 by linear interpolation. This is considered to be appropriate for the 
following reasons. 
1. It is assumed that any deviations in the pressure curve for two subpanels, 
as regards the formulation of peak pressure on larger areas, is negligible 
for an area of two subpanels. 
2. It is assumed that the relative differences between the tw.l areas is small 
enough to allow a linear interpolation without significant error. 
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1 .-----------------------------------~ 
1 s .p.: -log (Pe) • 0 .23 x + 1.93 
2 s.p.: -log (Pe) • 0.40 x +1.19 
0.22 m112: -log (Pe) = 0.31 x + 1.60 
··················• 
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Figure 3.10: Empirical Analysis of Local Pressure on the Polar Sea, 0.22 m2 
Subpanels. 
Figure 3.11 presents the Canmar Kigoriak best-fit curve (for all subareas) and that for the 
Polar Sea for an area of 0.21 m2• The agreement between the slopes and they-intercepts 
of both curves is encouraging and it is concluded that both data sets are similar. 
3.6 EXPOSURE 
When analyzing ship-ice interaction data, exposure must be considered. One 
example of exposure concerns the number of subpanels employed during the test 
programme. The data for the Polar Sea presented in Figure 3.12 is actually the peak 
pressure measured on one subpanel in an array of sixty subpanels. Hence, this actually 
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represents an exposure of 60 ni. The Polar Sea data is replotted in Figure 3.12 accounting 
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Figure 3.11: Comparison of Canmar Kigoriak and Polar Sea Data on 0.22 m2 
Subareas. 
Another example of exposure concerns the length interaction of an event. For the 
case of continuous interaction (i.e., a few minutes, hours, days, ... ) the probability of an 
extreme load being recorded is higher than for a ram (i.e., lasting a few seconds). As a 
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Figure 3.12: Effect of Exposure on Empirical Analysis of Local Pressure for Polar Sea: 
A third example of exposure pertains to the location on the ship. For example, 
the bow of the ship is more prone to higher loads during a ram with multiyear ice than 
are the sides or bottom. This type of exposure is reflected in the ASPPR Proposals 
(Melville Shipping Ltd., I 989) by using area factors to increase or decrease the design 
pressure. The result of this, assuming 10,000 bow impacts per year, is presented in 
Figure 3.13. This results in somewhat exaggerated exposure values because impact 
quality (i.e., the magnitude of a bottom impact is not as large as that for the bow) is not 
considered. 
A fourth example of exposure depends on the number, N, of events experienced 
by the vessel during a given period of time. This relates to the mission profile of the 
ship. For the case of an ice management vessel, N can be very large (thousands of 
45 
impacts per year) while N for a shuttle tanker servicing the Hibernia site will be very 
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Figure 3.13: Evaluation of Expected Number of Annual Impacts Required for Area 
Factors Suggested by ASPPR Proposals (Melville Shipping Ltd., 1989). 
3.7 ANALYSIS OF RECONSTITUTED DATA 
The analysis to be discussed employs all the information discussed above. The 
best-fit curves calculated in Sections 3.3 and 3.4 (transformed from common logs to 
natural logs m'it~ fr0m force to pressure) are of the form : 
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{3.5) 
where bj and cj are coefficients of slope andy-intercept for a given fixed area. We wish 
to perform the analysis in terms of pressure. Therefore, Equation (3.5) is writt~:Jn: 
(3.6) 
where a. = l I bj and x0 = cj I bj. It is noted that both a. and x0 are in units of MPa. 
When concerning ourselves with safe design, we must ensure that the balance is 
maintained between structural integrity and economic efficiency. With regard to structural 
integrity, one must ensure that an appropriate design load is forecasted. We do this by 
combining the distribution of Equation (3 .6) with information on the number of events per 
unit time (i.e., exposure of the vessel). In essence, we are considering the maximum 
pressure, Z, per unit time, generally taken to be a year. 
The maximum pressure, Z, is arrived at as follows. If we wish to specify some 
load y, not to be exceeded, it can be described for one ram by: 
Pr[Y ~ y] = Fy(y) (3.7) 
where Pr[Y s y] is the probability that a random load Y does not exce~.; a specified load 




and for n rams: 
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Pr[Z s z] = Pr[Y1, Y2, ... , Y11 s z] = F:(z) = Fz(~) (3.10) 
where Z is the max (Y 1, Y 2, ... , Y n) and n is the number of rams. 
We may wish to consider the case where n is a random quantity N. It may be 
assumed that N is Poisson-distributed (Jordaan et al., 1987) and may be expressed as: 
e -v v" 
Pr[N = n] = --
nl 
(3.11) 
where v is the expected number of collisions and n = 1, 2, ... . Let Z be the maximum 
of the N random rams. 
The expected number of rams of magnitude Y > z, denoted v', is given by: 
v' = [1 - Fy(Z)]v . (3.12) 
In the case that Equation (3.6) applies, we obtain: 
v 1 = v exp[- (x - xo> I a] . (3.13) 
We may now develop the formula for the case where no collisions exceed pressure z, i.e., 
n = 0. This may be derived from Equations (3.10), (3.11) and (3 .13) as follows: 
Ftz) = exp{- v exp[ -(x - xo> I «ll . (3.14) 
It is noted that N includes both hits and misses (see discussion of ~xposure). 
However, the pressure equations derived earlier correspond to hits only. As a result, the 
methodology must be tempered to include hits only. If we let r be the proportion of hits 
to interactions, then the number of hits is defined by: 
m = rn (3.15) 
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where m is the number of hits, or considering the case where M and N are random, 
J.L = rv (3.16) 
where vis the expected number of events, N, and ll is the expected number of hits, M, 
per unit time. As a result. Equation (3.14) can be expressed as: 
F z(z) = exp{ -exp[- ('1. - x0 - X1) I u]} (3.17) 
where x 1 = a.(ln v + In r) and is in units of MPa. 
3.8 APPLICATION OF RESULTS 
Results of the analyses of the Can mar Kigoriak data and Polar Sea data perforrne4 
in Sections 3.2 - 3.4 have to be expressed in a convenient format for use with Equation 
(3.16). This involves developing relationships or values for a., x0, rand v. 
3.8.1 Development of the Pressure-Slope Relationship, a 
The parameter, ex., found in Equation (3 .16) is a function of pressure [MPa]. It is 
also noted that Equation (3.16) is a function of natural logarithm while the coefficients 
of the fixed area design curves are a function of the common logarithm. As a result, ex, 




where mj is the slope of the fixed area force curve, J is the number of subpanels and a. 
is the area of a subpanel. The parameter, a., is plotted with respect to area in Figure 3.14. 
The results of the analysis performed by Maes and Hermans ( 1991) are also plotted. 
Values for a were calculated for the fixed area analysis discussed in Section 3.2 and are 
also presented. In addition, the design curve presented by Jordaan et nl. { 1993) 1s 
presented. This equation, which will be used for design purposes forthcoming, is: 
« = 1.25a -0.70 , ex s: 1.90 
where a is area. The very good correlation between the data sets is noted. 
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Figure 3.14: Results of Analysis of Slope, a . 
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(3.19) 
Discrepancies between the present analysis and Maes and Hermans {1991) can be 
attributed to the following. 
I. This analysis plotted the movmg panel data against logarithm of 
exceedance probability while Maes and Hermans (1991) used the Gumbel 
distribution. 
2. Maes and Hermans (1991) performed an approximate analysis of the 6.0 
m2 subpanel data (simplifying to four subareas), the present analysis was 
more exact. 
3.8.2 Development of the x-Intereept Parameter, x0 
They-intercept (for the fixed area force curve) data. Yj• was transformed to x0 (the 
x-intercept of the design pressure curve) according to: 
(3.20) 
Values for x0 are plotted against area in Figure 3.15. As can be seen, the x0 parameter 
is either negative or very small. As a result, it is assumed that x0 = 0. This is supported 
by the analyses of AI and A2 for the Canmar Kigoriak (see Section 3.2) which give 
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Figure 3.15 Results of Analysis of x-lntercept, x0. 
3.8.3 Development of the Exposure Parameter, r 
6 
The parameter, r, represents the number of rams which result in a hit (i .e., the 
panel being considered is loaded). This analysis is based on the Canmar Kigoriak data 
(Dome Petroleum Ltd., 1982). Polar Sea data were recorded only when a minimum force 
threshold on a panel was exceeded (Daley et at., 1986). During August and October, 
1981, a total of 397 rams were conducted on board the Canmar Kigoriak. Table 3.7 
presents the exposure level of the panels to impact. 
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Table 3.7 - Exposure of Canmar Kigoriak Instrumented Panels to Impact 
Data Set Total Number Number of Number of Total 
of Rams Hits Hits 
AI A2 
August 157 88 90 178 
October 240 91 30 121 
TOTAL 397 179 120 299 
It can be determined from Table 3.7 that the Canmar Kigoriak data sets contain 
a significant number of misses. For example, only 57% of August rams and 25% of the 
October rams produced loads on the insuumented panels. In total, only 38% of the 
Canmar Kigoriak rams produced hits. Hence, r will be taken as 0.4 for this analysis. 
3.8.4 Estimation of the Number of Rams, v 
The ASPPR Review Committee (Carteret al., 1992) determined, after consultation 
with those who developed the regulations, that the following annual allocation of rams 
for each Canadian Arctic ~lass (CAC) is considered reasonable: 
I. CACI - several thousand; 
2. CAC2 - hundreds; 
3. CACJ - decades; and 
4. CAC4 - several. 
To show the effect of number of impacts on the load, a range of annual impacts between 
v = 5 and v == I 0,000 is considered. 
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4 OYfiMISA TION OF BOW PLATING 
4.1 BACKGROUND 
As noted in Section 1.1, the strength of a ship can be classified into three 
categories: primary, secondary and tertiary (Paulling, 1988). The primary. or global, 
strength classification is concerned with the hull ginier. The secondary, or semi-local, 
strength classification is concerned with the strength of a ship panel, generally taken 
between two bulkheads or deep web frames. The tertiary, or local, strength classification 
is concerned with the strength of the plating between two frames. This is the region 
considered in this chapter. The localised ice load model established in Chapter 3 will be 
used for the present analysis. This model encompasses pressure-area distributions up to 
6m2. 
4.2 HULL PLATING LIMIT STATES 
In order to optimize the bow plating, one must first consider the probability of 
failure of the shell to the estimated ice loading (see Chapter 3). Three limit states (i.e., 
failure conditions) were selected for this analysis. They are flexural plastic collapse, 
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Figure 4.1: Schematic Diagram of Plate Failure Mechanisms (Carter et al., 1992). 
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Flexural plastic collapse is defined as the formation of a three-hinge mechanism 
and results when the plate is assumed to have no in-plane resistance against the load (i.e., 
the edges are clamped but free to slide). This is presented in Figure 4.1 (a). With fully 
supported, ductile steels, this mechanism usually results in minor denting and is used in 
the present analysis to represent aesthetic damage. It can be seen from Figure 4.1 (b) that 
there is a considerable reserve of strength beyond the three-hinge limit in steel plating 
provided by membrane effects. Reliance on membrane action assumes that the adjoining 
structure provides adequate resistance against freedom to slide. This is considered a 
reasonable assumption for the bow plating of an ice class vessel. It is assumed (Carter 
et al., 1992) that this reserve of strength is responsible for the level of safety inherent in 
ship plating. 
Derivation of the three-hinge limit state assumes that the ice load is uniformly 
distributed over the entire span of the plate and that plane strain conditions exist in the 
plane normal to the supporting frames. The flexural plastic collapse load capacity, q311, 
calculated from plastic beam theory (assuming the von Mises yield criterion) is as 
follows: 
(4.1) 
where t is plate thickness, s is the plate span and cry is the yield stress (Nessim et al., 
1992). 
Permanent set is defined (Hughes, 1988) as the deflection of a plate involving 
plastic bending strain along its boundaries, i.e., frames and stringers. This limit state 
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represents significant damage which requires repair. Ratzlaff and Kennedy (1985) derived 
an analytical expression for the load-deflection relationship with only plastic membrane 
strength. The relationship is: 
(4.2) 
where vp is the plastic Poisson's ratio (taken as 0.5) and W max is the deflection at 
midspan. This formula is based on the elastic load-deflection relationship for a 
transversely loaded, infinitely long, isotropic membrane assuming uniform strain. This 
assumption is considered reasonable for large deflections because the plastic hinges have 
been pulled out (Ferregut and Daley, 1988). It is suggested by Ayuub et al. (1989) thai 
a reasonable level of permanent set to be taken as a limit state is 2t. Substituting W max 
= 2t and vP = 0.5 into Equation (4.2), one obtains the permanent set load capacity, qp, 
from: 
(4.3) 
An alternative formula for permanent set was derived by Wiemicki (1987) based 
on yield !me theory (see Wood, 1961; Johansen, 1962). This analysis assumes the 
structure to be a perfectly plastic body thus simplifying the analysis. Wiemicki's formula 
accounts for both membrane and bending effects and is as follows: 
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(4.4) 
Again, an infinitely long, isotropic plate is assumed. For an allowable permanent set of 
2t, Equation (4.4) simplifies to: 
(4.5) 
The equations for permanent set, developed using yi1..id line theory Wld plastic membrane 
theory, are both plotted in Figure 4.2 v-lith respect to q. It can be seen that the equation 
developed using yield line theory gives more optimistic results than does the one 
developed using plastic membrane theory for higher stiffness ratios. This is attributed to 
the effects of bending (see Figure 4.2) which is less important at lower stiffness ratios. 
Weimicki (1987) further states that yield-line theory presents an upper-bound solution and 
hence should not be exceeded. Plastic membrane theory will be used for this analysis. 
Plate rupture is defined as reaching the ultimate membrane capacity of the plating 
and is used in the present analysis to represent the breaching of the hull. In most cases 
this limit state results in repair; structural redundancy. double skin design and two 
compartment subdivision required for the Canadian Arctic (Melville Shipping Ltd., 1989) 
will reduce incidents of foundering. However, on some occas:,ons loss of the vessel and 
perhaps th~ crew will result. It will be assumed that 0.1% of hull ruptures will result in 
ship loss. This value is consistent with Hughes (1988) who suggests that the probability 
of a severe accident leading to the loss of a vessel is 4.14 x 10-4. The ultimate capacity 
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of the plate, qu, is derived semi-empirically by Nessim et al. (1992) from static 
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Figure 4.2: Load-Deflection Behaviour for 2t Permanent Set. 
It is assumed that the crushed ice generates a uniform pressure on the shell plate 
when deflection approaches its maximum value. Assuming static equilibrium: 
2Psin6 = qs (4.6) 
where P = at and a is the plate stress. 
For uniform pressure, ignoring flexural stiffness of the plate, the plate is assumed 






180(i + e,) (4.7) 
where e8 ... 0.05 is the nominal membrane strain in the shell at rupture {Egge nnd 
B<>ckenhauer, 1991 ). The authors base this assumption on collision tests carried out by 
Woisin (1976) at Gesellschaft ftir Kernenegieverwertung in Schiftbau und Schiffahrt mbH. 
p p 
8-----------~ 
Figure 4.3: Schematic Diagram of Membrane Failure Mechanism. 
Substituting e5 = 0.05 into Equation {4.7) gives e "'31°. Substituting this value 
of e into Equation ( 4.6) and rearranging gives: 
2Pusin(31) 1.03Pu 
q = = 
u s s 
(4.8) 
Recalling that Pu = at and letting cr = (ay + cru) I 2, the effective strength one obtains: 
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Qu = 0.515(a1 + ow>(;). (4.9) 
The effective strength is a dynamic strength characteristic based on structural analysis for 
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Figure 4.4: Comparison of Limit States. 
The structural capacity, q, of each of these limit states is presented with respect 
to panel stiffness, 1 Is, in Figure 4.4. It can be seen in Figure 4.4 that the equation for 
permanent set gives optimistic results for stiff panels (high t I s ratios), even higher than 
that required to produce membrane failure. To ensure that the permanent set limit state 
remains realistic throughout the full range of panel stiffness, an alternate criterion, W max 
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= O.ls (Daley et al., 1991 ), is also considered. Substituting W max= O. ls and vp = 0.5 into 
Equation (4.2) gives: 
Qp = 0.99a,(~)· (4.10) 
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Figure 4.5: Comparison of Permanent Set Limit State Equations with W max = O.ls and 
W mllX = 21. 
It can be seen in Figure 4.5 that Equation (4.3) gives more conservative results for 
stiffness ratios below about 0.05 while Equation (4.10) does for stiffness ratios above 
0.05. To accommodate these two limits, the more conservative is selected in each case. 
To ease the transition between the two equations, a linear blending function 
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(4.11) 
where Ci == 1 ~ [(t/s) ~ 0.025}/ 0.05, is employed ben11een tis = 0.025 and 0.075. Figure 
4.6 presents the three limit states (three~hinge, permanent set and membrane collapse) 
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Figure 4.6: Comparison of Limit States Including Blended Permanent Set Criterion. 
63 
4.3 OBJECTIVE FuNCTION 
To develop an optimal bow structure, an objective function must be developed. 
The objective function selected is minimum cost as a function of construction (C), 
aesthetics (A), repair (R) and replacement (L); the symbols in brackets are subscripts. 
Safety is also of great concern; i.e., the probability of plate rupture must be kept very low. 
The following variables are considered: 
1. plate thickness (10 - 60 mm); 
2. frame spacing (400 - 800 mm); 
3. expected annual number of impacts (5 - l 0,000); 
4. steel grade (EH-36); 
5. temperature (-5°C); and 
6. strain rate (1 o·2 s"1 ) . 
The three limit states just discussed are also considered. 
The cost function will be minimised subject to all constraints. Steel is assumed 
to cost $0.35/lb. (Lilly, 1993) and labour rates are assumed for convenience to be 150% 
of steel cost. In addition, the cost of framing designed to meet the ASPPR Proposals 
(Melville Shipping Ltd., 1989) will be included in the cost of construction. 
The objective function is of the form: 
(4.12) 
where E(C) is the overall expected cost to be minimised, Cc is the initial cost of 
construction, C A is the cost associated with aesthetics, CR is the cost of repair, CL is the 
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cost of replacement or loss and cl> is the probability that a particular outcome occurs. The 
cost of construction, Cc, is the initial cost and is equal to the cost of plating, framing and 
associated labour. Each of the other cost groups is calculated for a single panel based on 
the probability of failure and the associated cost per failure. Expected cost is discussed 
in greater detail in Section 4. 7. 
To make use of the model just stated, the probability of failure must be calculated 
for each limit state and design parameter discussed earlier in this chapter. Hence, the 
distributions for each of the design parameters must be defined. These distributions are 
described in the following section. 
4.4 PROBABILITY DISTRIBUTION OF INPUT PARAMETERS 
There is uncertainty in many of the parameters used in the limit state equations 
just discussed. In addition, parameters such as yield stress and ultimate stress must. 
account for temperature and strain rate. The temperature selected for this analysis is -5°C 
and the strain rate is 1 o·Z s"1 based on the ASPPR Proposals (Melville Shipping Ltd., 
1989) 
4.4.1 Dynamic Yield Stress 
Calculation of the dynamic yield stress for steel is based on the work of Nessim 
et aJ. ( 1992). The dynamic yield :::tress of structural steel is dependent on temperature, 
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T, and strain rate, e. The results presented by Soroushian and Choi ( 1987) were used to 
calculate the mean value of the dynamic yield stress, ay(e) from the static yield stress, 
cry(O). The relationship between these values is: 
a (t) 
_l__ = [ -o.31lx10-8 a1 (0) + 1.46] + a1 (0) 
+ [ -0.634xlo-•a,(O) + 0.093] log(t) 
(4.13) 
The dependence of dynamic yield stress on temperature is characterisnd using data 
presented by Malik and Tomin (1991). This data is provided for EH-36 steel which has 
a specified yield stress of 355 MPa and for tests which were carried out at a strain rate 
of 5 x 10"2 s·1• The ratio of the actual yield stress at a given temperature, a;(T), to the 
specified yield stress. aYJ, can be calculated according to Nessim et al. (1992) using: 
a,(7) = 1.14 - 0.004 T 
a,. 
(4.14) 
where T is measured in °C. Equations (4.13) and (4.14) can be used to estimate the 
mean value of yield stress for any combination of temperature and strain rate. Equation 
(4.14) is first used to calculate the yield stress, ay(T), for a given temperature and t = 
5xi0"2• Noting that cry(n = cry(e) at the specified temperature and t = 5xl0"2, Equation 
(4.13) can be used to calculate the static strain rate at the reference temperature ay(O). 
Equation (4.13) is again used to calculate ay(l!) for the strain rate being considered, 10"2 
s"1 for this analysis. 
A lognormal probability density function (PDF) is used to model yield stress 
(Kennedy and Baker, 1984) with mean vaJue just mentioned and coefficient of variation 
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(COV) equal to O.OS (Galambos and Ravindra. 1978). It is assumed that the COV is 
independent of temperature and strain rate (Nessim et al., 1992). 
4.4.2 Dynamic Ultimate Stress 
The ultimate strength of steel, Ou, under dynamic loading is obtained using a 
method similar to that described in Section 4.4.1 (Nessim et al., 1992). Temperature 
effects are again based on data reported by Malik and To min (1991) and the ratio between 
a" (1) = 1.62 - 0.003 T 
a,., 
(4.15)-
where cru(T) is the ultimate strength at a specified T (see Nessim et al., 1992). The strain 
rate effect, based on Soroushian and Choi (1987), is: 
a,.( e) = [ -o.471xlo-7 a
1
(0) + 1.72] + 
a.,(O) 
+ [ -0.944xlo-a a,(O) + 0.144] log(t) 
(4.16) 
where ay(O) and au(O) are the static yield and ultimate strengths respectively. Equations 
(4.15) and (4.16) can be used in the same manner as Equations (4.13) and (4.14) to 
calculate the ultimate strength for a given combination of strain rate and temperature. 
Similar to Section 4.4.1, a constwtt COV of 0.05 and '1 lognormal PDF are used. 
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4.4.3 Plate Thickness 
The PDF for the actual thickness is based on information presented by Kennedy 
and Aly (1980). The authors report the ratio between actual and specified thickness is 
1.014 and that the COY is 0.01. A normal PDF is used for this parameter (Nessim et al., 
1992). 
4.4.4 Frame Spacing 
The frame spacing parameter is assumed to be normally distributed. The mean 
value is assumed equal to the specified value with a COV of 0.05 (Allen, 1975; see wso 
Daley et al., 1991). 
4.4.5 Area of Unsupported Plating 
The plate in question will be supported by transverse frames. The area used in 
calculating the design load is taken ass x 1.5s since this corresponds reasonably to one-
way action (see Figure 4. 7). Yield lines calculated according to the method presented by 
Wiernicld (1987) show that the central region of a plate with this aspect ratio will fail 
according to one way action (i.e .• as a long plate). Since this region of the plate is 
generally where the maximum deflection occurs, limit states based on long plate theory 
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can be used. For the purpose of calculating the loaded area, i.e., to find the coefficients 
of the pressure curve, the dimensions just mentioned are assumed to be exact. 
s 
1.5 s 
Figure 4.7: Schematic Diagram of Plating Showing Yield Lines. 
4.5 ANALYSIS OF PLATE FAU..URE 
The risk or probability of failure, <1», of a system is defined by: 
(I) = Pr[R - L < 0] (4.17) 
where R is the capacity, or resistance, of the system and L is the load applied to it. For 
the present analysis, that the ice load intensity exceeds the load carrying capacity of the 
plate. Variabilities in the ice load and structural criteria are modelled using the criteria 
discussed in Sections 3.8 and 4.4 for the structural criteria presented in Table 4.1. These 
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uncertainties in the model form a joint distribution function which is tedious t~ solve, 
especially with so many unknowns. As a result, the probabilities were calculated using 
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Figure 4.8(a): Probability Distributions for Loading Condition with v = 5000 and a= 
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Figure 4.8(b): Probability Distributions for Loading Condition with v = 10,000 and a= 
0.96 m2 and Limit States with 1 = 40 mm and s = 800 mm. 
As discussed in Chapter 3, a range of expected annual impacts wiJl be considered, 
v = 5 - 10,000. This range accounts for a wide range of shipping activities from servicing 
the Hibernia Site off the east coast of Canada to ice management in the Beaufort Sea. 
For iJlustrative purposes, the PDF of a loading condition with v = 5000 and a = 0.54 m2 
is presented in Figure 4.8(a) with PDF's for each of the three limit states with t = 50 mm 
and s = 600 mm. A similar PDF fC'r v = I 0,000 and a= 0.96 m2 is presented in Figure 
4.8(b) with the PDF's for each of the three limit states with t = 40 mm and s = 800 mm. 
Shifts in the distributions, resulting from the change of parameters, can be seen. 
Routines were developed to evaluate the capacity of the structure for the selected 
failure condition and structural parameters, the load according to the operation profile of 
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the ship and contact area and the risk of failure, <IJ, according to Equation (4.17). These 
routines were linked to the appropriate FORM modules. 
Table 4.1 - Structural Parameters 
Item Specified Value Statistical Values 
Expected V a1 ue Standard 
Deviation 
t (mm) 10 10.14 0.101 
20 20.28 0.203 
30 30.42 0.304 
40 40.56 0.406 
50 50.70 0.507 
60 60.84 0.608 
s (mm) 400 400.00 20.00 
600 600.00 30.00 
800 800.00 40.00 
cry (MPa) 355 390.3 19.5 
0 0 (MPa) 542.3 27.1 
T (°C) -5 -5 0 
t (s-1) to·2 10"2 0 
area (m2) 0.240 0.240 0 
1.5 s2 0.540 0.540 0 
0.960 0.960 0 
It can be seen in Figure 4.8 that the permanent set and membrane collapse failure 
distributions overlap significantly; i.e., it is possible to have failure due to rupture before 
failure due to permanent set. Hence, it is necessary to calculate the probability of this 
72 
occurring, Cl>u 1 P· To calculate this probability, the permanent set and membrane collapse 
limit states were approximated by normal distributions (see Figure 4.9) which is 
appropriate according to the central limit theorem. The probability that the plate fails due 
to rupture without first failing due to permanent set can be written as: 
(4.18) 
recalling that qu and qp are the resistance to membrane collapse and permanent set failure, 
respectively, provided by the structure. This can be calculated u~ing: 
~UI.; = J fL(l)(l - Fp(l)]FJl) dl (4.19) 
0 
where fL(I) is the PDF for load derived in Chapter 3, Fp(l) is the CDF for failure due to 
permanent set and Fu(/) is the CDF for failure due to membrane collapse. Equation 
(4.19) can be solv~d easily using numerical methods. 
For each limit state discussed in Section 4.3, the risk of failure, <1>, was evaluated 
for each combination of t, s and v. These can be visualised using a Venn diagram (see 
Figure 4.10). It can be seen from Figure 4.10 that the probability of no damage, <ll0, can 
be calculated by: 
~0 = 1 - 4}3Bt (4.20) 
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Figure 4.9: Probability Distributions for Permanent Set and Membrane Collapse Limit 
States with t = SO mm and s = 600 mm. 
the risk of damage needing repair, <l>R, can be found according to: 
~R = q,P + ~UIP - 0.001 ~U' (4.22) 




Making use of Equations (4.20 - 4.23) and the probabilities for each load, configuration 
and limit state, the probability of no damage, aesthetic damage, repair and Joss can be 
calculated for a randomly selected pJate pane) in the bow of a ship. 
74 
~u 
Figure 4.10: Schematic Dbgram of Failure Space. 
4.6 SAFETY 
Safety is of great importance. Therefore, certain minimum standards must be set. 
The CSA Standard S.471 for fixed offshore structures considers two limit states (Jordaan 
and Maes, 1991), Class 1 (great risk to life and the environment) and Class 2 (small risk). 
Suggested values for these safety classes are 10"5 for Class I and 10"3 fo1r Class 2. These 
values are considered reasonable as lower bounds for <~»u and <l>p respe<:tively. 
The ASPPR Proposds (Melville Shipping Ltd., 1989) require that all pollutants 
be stored a minimum of 760 mm from the outer shell of the ship. Furthermore, all CAC 
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vessels must be designed to meet the two compartment stability criterion. As a result. the 
probability of a severe impact, resulting in membrane collapse, leading to loss of the ship 
or damage to the environment is small. However, one must consider the consequences 
of polluting the Canadian Arctic, h!!nce, <I>u = to·S will be used as a lower bounds. 
Table 4.2 - Mir.imum Allowable Plate Thickness 
v [per year] Frame Spacing [mm] 
400 600 800 
10,000 34 ~0 46 
5000 32 48 44 
2000 30 46 42 
1000 30 44 40 
500 28 42 38 
200 26 40 36 
100 26 38 36 
50 24 36 34 
20 22 34 32 
10 22 32 30 
5 20 30 28 
The risk of failure for a structure as a result of permanent set and rupture are 
plotted in Figure 4.11, for v = 1000, with respect to thickness. It can be seen in Figure 
4.11 (a) that probability failure due to permanent set decreases approximately linearly with 
thickness when plotted on semi-log paper. This result is also true for risk of failure due 
to membrane collapse (see Figure 4.ll(b)). Hence, the minimum allowable thickness 
required to maintain the safety requirements just mentioned can be calculated using linear 
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regression. The minimum allowable plute thicknesses are presented in Table 4.2. li !s 
noted that a 2 mm resolutiC'n for plate thickness is used. 
4.7 OPTIMISATION OF PLATING 
The primary interest of the present analysis is to develop an optimising function 
for the design of bow plating for ice capable ships. This is performed by minimising the 
cost function discussed in Section 4.3. To this end, the prese~t analysis considers cost 
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Figure 4.11(b): Effect of Thickness on Risk of Failure Due to Rupture, v = 1000. 
4.7.1 Cost of Constnlction 
Cost of construction considers the cost of labour and materials required to 
construct the bow section of the ship. Material cost will be limited to steel and will be 
assumed to cost $0.35 per pound (Lilly, 1993). For simplicity, labour costs will be 
assumed to be 150% of material cost. 
Steel costs will be limited to cost of the hull shell plating and cost of the support 
frames. Support frames will be designed to meet the requirements of the ASPPR 
Proposals (Melville Shipping Ltd., 1989). This will allow for a re830nable comparison 
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between the various configurations considered. In addition to frame spacing and span 
criteria discussed earlier, the following assumptions are made. 
1. 2000 to 10,000 impact/year is treated to be a CACl vessel, 200 to 1000 
impacts/year a CAC2 vessel, 20 to 100 impacts/year a CAC3 vessel and 
5 to 10 impacts/year a CAC4 vessel. 
2. Deep web frames will be placed every fourth frame and will have a span 
of 3.0 m. 
3. A 10,000 tonne vessel will be considered for the purpose of calculating 
frames sizes. Shaft power is assumed to be 20 MW, 16 MW, 12 MW and 
8 MW for CACI-4 respectively (Carteret al., 1992). 
The cost of construction is treated as a present cost that is not amortised. 
4.7.2 Cost of Aesthetics 
The expected cost due to minor denting for one year is calculated according to: 
(4.15) 
where N is the number of panels making up the bow of the ship, clJ A is the risk of 
aesthetic damage and C A is the cost per damaged panel; the bow is assumed to be 500 
m
2
• Each panel is assumed to be independent. For the present analysis, C A is taken to 
be $0, i.e., minor denting is acceptable. 
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4.7.3 Cost or Repai.r 
It is assumed that to repair a damaged panel, the entire steel plate must be 
replaced. In Canada, a typical steel plate is 4' x 8' (2.9729 m2; Lilly, 1993). Hence, 
the cost to repair one panel is: 
c1 = 2.s(2.9729 1~ P c .. ) (4.26) 
where 1 is the plate thickness (mm), pis the density of the material (t I m3) and C, is the 
cost of steel ($ I t). This function assumes that labour costs are still I 50% of material 
costs. The assumption to replace an entire plate poses another problem. What if more 
than one damage occurs on the same plate? Hence, we need the probability that a plate 
needs replacement; i.e., the probability that one or more panels within the plate needs to 
be replaced. This is calculated using: 
Pr[p~ 111!eds replacement] = 1 - (1 - «-R)"' (4.27) 
where <fJR is the probability that a panel within the plate is damaged and lip is the number 
of panels which make up a plate. This assumes that each panel is independent. The 
expected annual cost of damage is: 
(4.28) 
where N P is the number of plates making up the bow. Each plate is assumed to be 
independent. 
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4.7.4 Cost of Replacement 
The cost of replacing a ship, CL, is assumed to be $1,000,000,000. This is 
considered an average cost which accounts for either replacement of the ship or 
replacement of the ship and loss of life. The expected annual cost of replacement can be 
calculated using Equation (4.25) substituting values associated with aesthetics with values 
associated with loss. This is again considered an annual cost which is converted to a 
present value using Equation (4.26 
4. 7.5 Results of Cost Estimate 
The expected annual cost for damages, E(C0), (aesthetics, repair and replacement) 
are presented with respect to v in Figure 4.12(a) and tin Figure 4.12(b) for the case 
where s = 600 mm. Figure 4.12 shows that E(C0 ) and v are linearly related when plotted 
on Jog paper and that E(C0 ) and tare linearly related when plotted on semi·log paper; a 
maximum value of $1.0 x 106 is also seen. As a result, a plane can be fit to the data to 
simplify calculation of E(C0) . The plane was fit using the multiple linear regression 
method (Walpole and Myers, 1972). The equation of the best·fit plane, recall that plane 
is fit to log[£(C0)], log(v) and t, is of the form: 
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(4.19) 
whel'e ao, a1 and a2 are coefficients of the curve. For the aesthetic, repair and replacement 
models just discussed, the coefficients of the plane are presented in Table 4.3. 
Table 4.3 - Coefficients of Best-Fit Plane to Expected Annual Cost of Damage. 
s [mrn] Coefficients 
ao al ~ 
400 0.972 19.362 -0.560 
600 0.965 19.121 -0.389 
800 0.964 18.674 -0.435 
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Figure 4.12(a): Effect of Annual Number of Impacts on Expected Annual Cost of 
Damage for s = 600 mm. 
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Figure 4.12(b ): Effect of Thickness on Expected Annual Cost of Damage for s = 600 
mrn 
The annual expected cost of damage, E(C0 ) is assumed to be an annual cost. This 
cost is converted to a present value assuming a 20-year vessel life, a 7% annual rate of 
inflation and a 10% rate of interest on investments. Converting an annual expense to a 
present value is calculated according to: 
A Py = (P/A, i, n) 
1 + i8 
(4.30) 
where Pv is the present value of the payment, A is the annual payment in today's dollars, 
/1 is the rate of inflation and (PIA, /, n) is the present worth factor for net interest n1.te, 
i = ;i - /8 and number of payments, n (Riggs et al., 1986). For the present case (PIA, I, 
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Figul'e 4.13(b ) : Expect.~d Cost of the Bow Structure for a Ship Desi~od for v == 20. 
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The expected cost, E(C), is presented in Figure 4.13(a) for v = 5000 and in Figure 
4.13(b) for v = 20. It can be seen from Liese tgures that 400 mm spacing is optimal and 
that 600 mm spacing is the least cost effective. This result is consistent for each value 
of v. Expected cost plots for each value of v can be found in Appendix 2. 
Table 4.4 - Minimised Cost Function Results 
v s = 400 mm s = 600 mm s = 800 mm 
[rams/yr] 
1 [mm] C [SM] 1 [mm] C [SM] 1 [mm} C [SM] 
10,000 38 0.9013 54 1.0480 48 0.9591 
5000 38 0.8933 52 1.0390 46 0.9465 
2000 36 0.8803 50 1.0180 44 0.9312 
1000 34 0.7494 48 0.8612 42 0.7920 
500 34 0. 7413 46 0.8481 40 0.7806 
200 32 0.7283 44 0.83 iO 38 0.7652 
100 30 0.6313 42 0.7376 36 0.6638 
50 30 0.6233 40 0.7247 36 0.6520 
20 28 0.6103 38 0.7074 34 0.6367 
10 26 0.5293 36 0.6121 32 0.5.567 
5 26 0.5212 34 0.5994 30 0.5449 
The results presented in Table 4.4 are consistent with those required by the ASPPR 
Proposals (Melville Shipping Ltd., 1989) which are presented in Table 4.5. For 400 mm 
spacing, the optimal thickness resulting from the present analysis and the thickness 
required by the ASPPR Proposals are the same. For 600 mm spacing, the optimal 
thickness resulting from the present analysis is approximately 4-6 mm greater than that 
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required by the ASPPR Proposals. For 800 mm spacing, the optimal thickness resulting 
from the present analysis is approximately 4-8 mm less than that required by the ASPPR 
Proposals. This is presented in Figure 4.14. It can also be seen that the optimal cost for 
ships designed with 800 mm frame spacings occurs at a lower plate thickness than does 
the optimal cost for ships designed with 600 unm frame spacings. This results because 
both designs have approximately the same cost of construction while the expected cost 
of damage for a ship with 600 mm frame spacing is projected to be higher than that for 
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Figure 4.15: Comparison of Initial Cost and Expected Cost of Damage for s = 600 
mm and s == 800 mm for v = 5000. 
Table 4.5: Plating Requirements for a 10,000 t Vessel as Specified by the ASPPR 
Proposals (Melville Shipping Ltd .• 1989) 
Class Frame Spacing 
400 600 800 
CACl 38 46 52 
CAC2 34 40 48 
CAC3 30 36 40 
CAC4 24 30 34 
The results presented are for a simplified model which is not specific to any 
particular mission profile. Should this algorithm be used for design purposes, more 
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attention would have to be given to the following when assessing cost or the effects of 
damage. 
I. Labour costs should be computed more rigorously. It may be reasonable 
to assume that the 400 mm design may result in higher labour costs per 
unit steel mass than a larger spacing due to ir.creased aabour costs (e.g. 
more welding is required). As a result, a lower bound on frame spacing 
may be defined 
2. The cost of construction can be amortised over the useful life of the ship. 
3. The limit state functions can be enhanced to include the supporting 
structure. 
4. Balance of structure, between plating and supports, can be optimised. 
5. A penalty function for excessive weight or down-time, especially for cargo 
carrying vessels, can b .. incorporated. 
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5 CONCLUSIONS A.ND RECOl\'11\'lENDATIONS 
5.1 PRINCIPAL CONCLUSIONS 
The present analysis provides the designer with an algorithm to optimize plate 
thickness for the bow region of ice capable vessels. The methodology prcs~ntcd is 
deterministic in format but is based on probabilistic methods. The prc$P.nt analysis can 
be divided into two distinct sections: analysis of local pressure and optimisation of bow 
plating. Optimisation of bow plating includes an assessment of structural integrity. 
To develop the local ice load model, full scale data sets for the Cnnmar Kigorink 
and Polar Sea are considered. It is shown that for small areas, the Polar Sea and Canmar 
Kigoriak data can be assumed to come from the same parent distribution. lienee, both 
data sets are compared directly. The data sets are analyzed as a function of area using 
a method similar to that of Maes and Hermans ( 1991 ). Exposure is also considered. This 
analysis results in the verification of the local pressure curve presented by Jordaan cl al. 
(1993). It is recognised that this model is based on fairly limited data sets. Future test 
programmes would provide a larger data base and greater reliability in an ice load model. 
The use of data from small and medium scale indentor tests can be usl!d to supplement 
the data set but are difficult to analyse statistically. 
Structural integrity is based on the assessment of risk, i.e., the probability that the 
applied load exceeds the capacity of the structure. The capacity of the structure is 
assessed using three limit states. These are three-hinge collapse, permanent set and 
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membrane collapse. Minimum safety levels are set for membrane collapse and permanent 
set. The choice of limit states used in the present analysis encompasses a reasonable 
scope of plastic design methodologies. Three-hinge collapse is an aesthetic case which 
is not meant to correspond to repairable damage; permanent set criteria was selected to 
provide a reasonable damage criteria for the bow of an ice strengthened vessel; membrane 
collapse provides a more severe damage criterion which includes the possibility of loss. 
Three-hinge collapse is ignored for the design of bow plating because it is assumed that 
the bow provides significant in-plane resistance to three-hinge collapse. More information 
is necessary to better define reasonable limit states for the design of ship structure. 
Analysis of scale models of structural panels would be useful to define useful limit states. 
A simple objective function is employed to optimize the thickness of the bow 
plating. This objective function minimises cost. The total cost of the vessel is composed 
of the initial cost, aesthetic cost, cost of repairs and cost of replacement The results of 
this analysis are presented. For the objective function considered it is found that a 400 
mm frame spacing consistently results in an optimal design. Optimal plate thicknesses, 
for s = 400 mm, range between 26 mm for v = 5 up to 38 mm for v = 10,000. These 
results will likely change as the model is made more specific to the design. 
The plate thicknesses calculated using the present analysis are in excess of those 
required by the ASPPR Proposals (Melville Shipping Ltd., 1989). This is assumed to be 
due to differences in methodology, differences in the objective of the work, and the small 
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amount of full scale data available. A more elaborate objective function mny result in 
more consistent results between the two rr.ethods. 
5.2 RECOMMENDATIONS 
Upon completion of the present analysis, a number of recommendations for future 
work are made. These are as follows. 
1. More data is needed to improve the reliability of the ice load model. In 
addition. the data history for each subpanel is required. This will give 
designers more confidence in the model. 
2. More work is required with regard to global loads and their relationship to 
local loads. This will allow development of an ice load model which is 
representative of all three components of the response of a ship. 
3. The cost of aesthetics, repair and replacement should be made more 
specific to the vessel in question and relevant costs. It is further suggested 
that o•1.er costs (down-time, excess weight penalty, etc.) be assessed as 
required. 
4. Confidence distributions for all the functions being considered (i.e., load, 
limit states, objective function, ... ) should be derived and implemented. 
5. Labour costs can be computed more rigorously. 
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6. The limit state functions can be enhanced to include the supporting 
structure. This will allow structural balance (between plating and 
supporting frames) to be assessed and optimised. 
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APPENDICES 
Appendix 1 COVERAGE ANALYSIS 
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Probability of Coverage for Given j and k. Pc U.k). Large Instrumented Panel. A2. on Canmar Kigoriak 
j c k 
I 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 
I I .083 .137 .250 .250 .317 .381 .458 .500 .583 .600 .667 .750 .833 .889 .917 1.00 .917 1.00 ............... 
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2 .203 .200 .100 .130 .086 .125 .100 .133 .080 .067 .050 .100 .100 
3 .100 .075 .120 .143 .100 .133 .133 .120 .133 .100 . 100 .133 .100 
4 .125 .150 .114 .200 .100 .167 .120 .150 .100 .050 .067 . 150 .3 17 
5 .050 . 143 .175 .300 .3 17 .440 .483 .600 .700 .733 750 .900 .683 1.00 
Probability of Coverage for Given j and k, Pc U.k). Large Instrumented Panel, A2, on Canmar Kigoriak 
j c k 
I 2 3 4 5 6 7 8 9 10 I I 12 13 14 15 16 17 18 
6 I .381 . 118 .143 .114 .107 .095 .095 .071 
2 .193 .286 .214 .086 .204 . 107 .190 .095 .171 .048 . 143 .095 
3 .143 .143 . 143 .143 . 143 .143 . 143 
4 .286 .114 .245 .107 .238 .143 .229 .095 .214 .071 .190 .14:; 
5 .143 .143 .143 .143 .143 .143 .381 




................. ................. ......... ......... 
···-·-·-- ·---····-- ·--··-·-·· -·-····-···· 
.................. 
-··-·--··· ---·········- --···--·· ··---··-·· ··--···-··-
--..... - ... 
········-····· 
............. _ .... u•-•-- ••-"' 
7 I .458 .176 .250 .125 .138 . 107 .094 .089 .083 .050 .021 .063 
2 .309 .313 .063 .125 . 107 .094 .089 .042 .050 .042 .063 
3 .125 .125 .100 .143 .125 .125 .083 .100 .083 .063 .083 
4 .250 .200 . 107 .156 .125 .125 . 100 .083 .063 .063 .125 
5 .175 .143 .125 .167 .167 .150 .083 .125 .125 .083 .125 
6 .143 .125 .125 .229 .150 .229 .125 .125 .083 .063 .417 
7 .063 .167 .271 .300 .438 .563 .625 .150 .813 .875 .583 1.00 
--· --·-·· -·-----
•-••-•••-•u .................... _ ................ 
···-----.. .. ··-·-··--·· ··-··-·-·· 
-·-•-•on 
·-·-·-··-·· ···-···--··· -----·-·-· -··----···· ..-----···-·· ····-··--- ·------· ···--···- ·····-···-·- ···-···-·--· 
8 1 .500 .078 167 .100 .083 .056 .056 
2 .431 .167 .208 .100 . 190 .083 .089 .056 .133 083 
3 333 .133 .125 .11 1 Ill .083 
4 .375 .100 .238 .125 .222 .111 .200 056 .167 .I Jl 
5 .300 167 167 .167 .167 . 167 
Probability of Coverage for Given j and k, Pc U.k). Large Instrumented Panel. A2, on Canmar Kigoriak 
j c k 
1 2 3 4 5 6 7 8 9 10 II 12 13 14 15 16 17 18 
8 6 
.286 .125 .278 .167 .267 .Ill .250 .083 .222 .167 
7 
.167 .167 .167 .167 .167 .500 
8 
.167 . 167 .333 .333 .500 .500 .667 .667 .833 .500 1.00 
-·-· -------- --·- ·· ···--- -·--·"··· ·-··-.. ·-· -··-···-·· ·--·-·-·· -·-··-- ··-·-··-·· ····-········· --·-·---·· 




-·-- ···--·· 9 I .583 .196 .333 .125 .133 .095 .083 .056 
2 .431 .333 .125 .133 .095 .042 .056 
3 .250 .125 .133 .143 .083 .111 .067 
4 .375 .167 .143 .125 .I II .056 .067 .056 
5 
.317 .143 .167 .167 .Ill . 133 .056 .083 
6 
.286 .229 .167 . 167 .133 .Ill .083 .083 
7 
.271 .167 .222 .200 .167 .167 .083 .Ill 
8 
.167 .250 .200 .194 . 167 .250 .Ill .250 .583 
9 
.083 .200 .417 .500 .583 .778 .750 1.00 .417 1.00 
-·-••-u 
-··-···--· ···-···-·•-t ·-............. ................. .................. ................ ............... ................ ... ............. ................ ................ 
..... ·-··-··· ··-········· -·-···-·· ····-·'"-···- ·-··-······· ····4· .. ---·· -----··-·-·-·· 
10 I .600 .094 .200 .080 .050 
2 .529 .200 .200 .080 .171 .050 .133 .080 
3 .400 .120 .100 .067 .067 
4 .500 . 120 .229 . 100 .200 .067 .160 . 100 
5 440 . ISO . 133 .133 .100 
6 
.429 .150 .267 .133 .240 .067 .200 133 
Probability of Coverage for Given j and k, Pc U,k) Large Instrumented Panel, A2, on Canmar Kigoriak 
j c k 
1 2 3 4 s 6 7 8 9 10 11 12 13 14 15 l6 17 18 
10 7 .300 .200 .200 .200 .200 
8 .333 .200 .320 .133 .300 .100 .267 .200 
9 .200 .200 .200 .200 .600 
10 .200 .200 .400 .400 .600 .600 .800 .400 1.00 
··-··--·· ··-···-···- ·-··-······ ···-···-··- ·-···-··-··· ······--··-· ·-·· .. -··· ···-·····---· 
•-••-oouo ou o oo-ooo oou.-o 
·····-········ 
............ _. 
-·-···· ........ ··-----·· -··--- ·--··-··-· ··-·-.·····-· 
·-•-n••••• 
···-·-·-- ·-···----· 
II I .667 .176 .167 .125 .067 . 095 .021 .056 
2 .569 .333 .083 .067 .048 .042 
3 .417 .125 .133 .143 .083 .Ill .067 
4 .542 .150 .095 .083 .056 .056 .056 
5 .483 .143 .083 .167 .056 .133 .083 
6 .429 .229 Ill .Ill .067 .Ill .167 
7 .438 .167 .167 .200 .Ill .167 .111 
8 .333 .194 .133 .139 .083 .167 .167 
9 .417 .200 .194 .250 .167 .222 .167 
10 .200 .222 .167 .167 .Ill .250 694 
II .083 .250 .333 .556 .583 .833 .306 1.00 
Probability of Coverage for Given j and k, Pc U.k). Large Instrumented Pand, A2, on Canmar Kigoriak 
j c k 
1 2 3 4 5 6 7 8 9 10 11 12 l3 14 15 16 17 18 
12 I .750 .I 18 .250 .100 .063 
2 .588 .250 .188 .050 .143 .083 
3 .500 .100 .063 
4 .625 .100 .214 .063 .167 .100 
5 .600 .125 .083 .083 
6 .571 .125 .250 .083 .200 .125 
7 .563 .167 .167 .125 
8 .500 .167 .300 .083 .250 .167 
9 
.500 .250 .250 .250 
10 
.400 .167 .375 .125 .333 .250 
II 
.250 .250 .250 .750 
12 
.250 .250 .500 .500 .150 .250 1.00 
... ·--· 
- ...... - ... 
--·--
................... ..................... _ ................ 
······-·-·-· ·-·--····· ... ···-···- -·- ·-···-······· 
................ ....... -......... 
---·--·--... 
···--·-····· ...... ·-····· ·····-··-···· ··-··--·-· 
ouo_u ..... ,.,.. ............. _. 
··-·····-····· 
13 I .833 .147 .125 .125 .025 .071 
2 .706 .250 .063 .100 .063 
3 .625 .125 .100 .143 .083 
4 .625 .050 .071 .063 
5 .700 .143 .125 .167 . 100 
6 .571 .125 .083 .083 .167 
Probability of Coverage for Given} and k, Pc lj,k). Large Instrumented Panel, A2, on Canmar Kigoriak 
j c k 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 
13 7 .625 .167 .083 .200 .125 
8 
.500 .250 .100 .167 .125 
9 .583 .200 . 167 .250 .167 
10 .400 . 167 .125 .250 .250 
II .333 .250 .250 .333 .250 
12 .250 .250 .167 .375 .833 
13 .125 .333 .375 .750 .167 1.00 
·-··-· ---- ···-·--- ·---·· ··--·----- ·-·-···-··- ··---··--· 
...................... u••••-·-·-• 
···---.. - -----· ·----- ·-··-·-··· ···-···-··-· ------·· ---···· .. - ·····-·-···· ··-·--···- -···-···-·- ---·· 
14 I .889 .078 .067 
2 .804 .333 .167 .095 
3 .667 .133 .083 
4 .750 .067 .190 .Ill 
5 .733 .083 
6 .714 .083 .222 .133 
7 .750 .Ill .Ill 
8 .667 .Ill .267 .167 
9 .778 .222 . 167 
10 .600 .Ill .333 .222 
1 I .556 333 333 
Probability of Coverage for Given j and k, Pe U.k). Large Instrumented Panel, A2, on Canmar Kigoriak 
j c k 
I 2 3 4 5 6 7 8 9 10 II 12 l3 14 15 16 17 18 
14 12 
.500 .167 .444 .333 
13 
.333 .333 .889 
14 
.333 .333 .667 .111 1.00 
--· --~-- ---·· ---- -- --- -·-· ---· ----- -·-···-· -··----·· ··--·· --·-·- ·---· ------ ---·- ··-·~-·-· ···-- ·-·-·-
15 I .917 .118 .125 
2 .824 .250 .100 
3 .750 .125 .143 
4 .150 . 150 .125 
-~ 
0 5 .750 .143 .167 
6 .714 .063 
7 .813 .167 .200 
8 .667 .250 .167 
9 .750 .200 .250 
10 .600 .250 .250 
11 
.583 .250 .333 
12 
.500 .375 .500 
l3 
.375 .333 .500 
14 
.333 .250 .917 
15 
.250 .500 .083 1.00 
Probability of Coverage for Given j and k. Pc U.k). Large Instrumented Panel. A2. on Canmar Kigoriak 
j c k 
1 2 3 4 5 6 7 8 9 10 II 12 13 14 15 16 17 18 
16 I 1.00 
2 .941 . 125 
3 1.00 .100 
4 .875 .143 
5 .900 . 125 
6 .857 .167 
7 .875 
8 .833 .200 
9 1.00 . 167 
10 .800 .250 
11 .833 .250 
12 .750 .333 
13 .750 .500 
14 .667 .500 
15 .500 1.00 
16 .500 1.00 
Probability of Coverage for Given j and k, Pc U.k). Large Instrumented Panel, A2, on Canmar Kigoriak 
j c k 
I 2 3 4 5 6 7 8 9 10 II 12 13 14 15 16 17 18 
17 l .917 .137 
2 .863 .250 
3 .750 .250 
4 .750 .317 
5 .683 .381 
6 .619 .417 
7 .583 .500 



















Probability of Coverage for Given j and k, Pc U.k)_ Large Instrumented Panel, A2, on Canmar Kigoriak 
j c k 
l 2 3 4 5 6 7 8 9 10 I I 12 13 14 15 16 17 18 
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Thickness [mm] 
1-400 mm Spacing--- 600 mm Spacing-- 800 mm Spacing 1 
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850000 1-------+--t--+-------1-----·-·-·- . 
20 30 40 
Thickness [mm] 
50 
1- 400 mm Spacing --- 600 mm Spacing - · 800 mm Spacing-! 
60 
Figure B: Expected Cost of the Bow Structure for a Ship Designed for v = 5000. 
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1200000 r1 ----------------- - -i 2000 Rams/Year 
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20 30 40 
Thickness [mm] 
50 
~- 400 mm Spacing--· 600 mm Spacing - - 800 mm Spacing : 
60 
Figure C: Expected Cost of the Bow Structure for a Ship Designed for v = 2000. 
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700000 -r-1 --.---~--...---.---..---------r------ - -·-
20 30 40 
Thickness [mm] 
50 
1- 400 mm Spacing--- 600 mm Spacing - · 800 mm Spacin_g_l 
60 
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700000 -!-. ---..--+----'----+-----+----.---~ 
20 30 40 
Thickness [mm] 
50 
J- 400 mm Spacing --·· 600 mm Spacing-- 800 mm Spacing j 
60 

















20 30 40 
Thickness [mm] 
50 
:-400 mm Spacing--- 600 mm Spacing- - 800 mm Spacing I 
60 



































Figure G: Expected Cost of the Bow Structure for a Ship Designed for v = 100. 
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900000 I 












600000 -t--------l------+---+--......._--1---t-·- --- . : 
20 30 40 
Thickness [mm] 
50 
j- 400 mm Spacing--· 600 mm Spacing-- 800 mm Spacing] 
60 














600000 +! _ __. __ +--......---_· -+----t---f----.----i 
20 30 40 50 60 
Thickness [mm] 
1- 400 mm Spacing --- 600 mm Spacing - - 800 mm Spacing 1 
Figure 1: Expected Cost of the Bow Structure for a Ship Designed for v = 20. 
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"' 8 100000 
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i 650000 t 
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20 30 40 
Thickness [mm] 
50 60 
j- 400 mm Spacing--- 600 mm Spacing - - 800 mm Spaci~g] 
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Thickness [mm] 
50 
1- 400 mm Spacing -- - 600 mm Spacing --- · 800 mm Spacing J 
60 
Figure K: Expected Cost of the Bow Structure for a Ship Designed for v = 5. 
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